We prove the long-time existence and convergence of a general class of parabolic equations, not necessarily concave in the Hessian of the unknown function, on a compact Hermitian manifold. The limiting function is identified as the solution of an elliptic complex Monge-Ampère equation.
Introduction
Since the celebrated solution of the Calabi conjecture by solving the complex Monge-Ampère equation on a compact Kähler manifold [31] , fully non-linear partial differential equations have played an important role in complex geometry.
Motivated by unified string theories and mirror symmetry, there has recently been interest in extending the theory of such equations beyond the Kähler setting to more general classes of Hermitian manifolds [27, 24, 17, 10, 12, 13, 14, 19, 20, 26, 2, 11] .
Additionally, new parabolic equations have emerged which are not concave in the eigenvalues of the Hessian of the unknown function [20, 21, 6, 4] . This concavity property was an important requirement for fully non-linear equations as originally formulated in [7, 8, 9] .
In this paper we study the equation
on a compact Hermitian manifold, where h j ℓ = δ j ℓ + χ jk uk ℓ . Because F is not assumed to be concave, this equation does not fall into the scope of the general theory of parabolic equations developed in [7, 8, 9] or [23] . The main theorem is as follows. Theorem 1. Let (X, χ) be an n-dimensional compact Hermitian manifold, f : X → R a smooth function, F : (0, ∞) → R a strictly increasing smooth function, and u 0 : X → R a smooth function satisfying χ + i∂∂u 0 > 0. Then equation (1.1) admits a smooth solution which exists for all time and satisfies χ + i∂∂u > 0 as well as u(0) = u 0 . Furthermore the normalized solution
converges in C ∞ to the unique smooth function ϕ ∞ with X ϕ ∞ χ n = 0 satisfying χ + i∂∂ϕ ∞ > 0 and solving the complex Monge-Ampère equation
This is a generalization of the theorem of [25] , which was proved in the Kähler setting. To prove Theorem 1, it suffices to prove the following C 2 estimate.
The reason that Theorem 2 implies Theorem 1 is that the C 2 estimate is essentially the only place in [25] that the Kähler property is used. The rest of the arguments in their paper still hold in the case that χ is only Hermitian. We remark that the C 0 estimate alternatively follows from the elliptic C 0 estimate from [29] .
To prove Theorem 2 we use the test function
and combine the techniques of [25] and [30] . We briefly discuss the motivation for including each term of (1.5). The first two terms of (1.5) were used to obtain (1.4) for the complex Monge-Ampère equation on a compact Kähler manifold [1, 31] . From this Yau obtained a priori estimates up to order two, thus solving the Calabi conjecture and proving what is now called Yau's theorem.
The third term was introduced by [22] in a different setting, to obtain a C 1 estimate in the absence of a C 0 estimate. Subsequently this term was used in [30] to obtain a C 2 estimate for the complex Monge-Ampère equation on a compact Hermitian manifold.
Finally, the fourth term was introduced in [21] to provide an alternative proof of Yau's theorem using the Anomaly flow [18] . The result was generalized in [25] . Prior to this, (1.1) had only been studied for particular choices of F which are concave [3, 5, 30] .
We remark that if the metric χ is assumed to be balanced, then the argument from [28] may be used to give a quick proof of (1.4) without using the third term of (1.5). This is made especially clear by, for example, noting the presence of the torsion 1-form in (5.45) below.
Additionaly we remark that one may obtain another C 2 estimate, which of a different form than (1.4), by using the term e A(sup ϕ−ϕ) from [15] rather than the terms −Aϕ
This paper is structured as follows. In section 2 we define all the objects that appear in the paper and review their basic properties. In 3 we prove some fundamental estimates that we will need many times. In section 4 we compute the evolution of the test function G along the flow. In section 5 we prove Theorem 2.
Setup and notation
Let (X, χ) be an n-dimensional compact Hermitian manifold. In a local holomorphic coordinate system we write χ = iχk j dz j ∧ dz k and χ jk χk ℓ = δ j ℓ . Corresponding to the Hermitian metric χ is the Chern connection, which is given on sections of T 1,0 X by
The Chern connection has torsion
which is generally non-zero. It also has curvature
which satisfies the defining property that
The metric also defines a Laplacian ∆ = χ jk ∂ j ∂k.
(2.11)
Now we turn our attention to equation (1.1). Since F ′ > 0, the flow is parabolic and exists for a short time. The remainder of this paper is dedicated to proving a priori estimates, so from now on we assume that u solves (1.1) on an interval [0, T ], where 0 < T ≤ ∞, with u(0) = u 0 , as well as the condition χ + i∂∂u 0 > 0. We set
We define a (1, 1)-form along the flow by
It follows from the determinant estimate in the next section, and the assumption that χ + i∂∂u 0 > 0, that this defines a family of Hermitian metrics. Therefor we may also consider the inverse matrix g jk gk ℓ = δ j ℓ . Moreover we define an endomorphism of T 1,0 X along the flow by
Since gk j is positive definite, we may also consider the inverse endomorphism h −1 . It follows that Tr h = n + χ jk uk j and Tr h −1 = n − g jk uk j . We denote the linearized operator by
Finally we remark that the abbreviations F = F (e −f det h) and inf ϕ = inf X×[0,T ] ϕ will be used often.
Preliminary estimates
In this section we prove fundamental estimates for the determinant and traces that will be needed many times. We start by estimating the determinant. It will be convenient to consider the quantity H = e −f det h.
With the hypotheses of Theorem 2,
In the first two estimates C = C(χ, u 0 , f ), and in the last two estimates C = C(χ, u 0 , f, F ).
Proof. Since
we have that H max is decreasing and H min is increasing. The first two estimates follow. The equation ∂ t u = F now gives the last two estimates. Now we prove positive lower bounds for the traces.
Lemma 2. With the hypotheses of Theorem (2),
Proof. The determinant estimate (3.16) yields
and
In this section we compute (∂ t − L)G.
It is straightforward to check that the following formulas from [25] still hold without the assumption that χ is Kähler:
To proceed we must commute the covariant derivatives in the first term of (4.23). Because in the non-Kähler setting it is no longer true that [∇ j , ∇ k ] = 0, we will obtain terms involving both the curvature and the torsion of χ. The relevant commutation relations, in the order we will use them, are Applying (4.24), (4.25), (4.26) to the first term of (4.23) gives
(4.27)
Using us r = gs r − χs r on the curvature terms gives
Substituting (4.28), (4.23), (4.22) into (4.21) and expanding the ∂(e −f det h) term, we find
Now we apply (∂ t − L) to the other terms of (1.5). 
We pause to discuss the role of the many terms in (4.33). The first term of (4.34) is the primary bad term. The second term of (4.34) is the primary good term. The terms of (4.35) are new torsion terms that do not appear in the Kähler case.
In the Kähler case, the primary good term is able to defeat the primary bad term. In fact, this is still true in the balanced case (see the remark in the introduction). However it is no longer true in the Hermitian case.
Fortunately, though the primary good term is only able to defeat a part of the primary bad term, it is nonetheless able to defeat the new torsion terms at the same time. The special coordinate system (5.42) below facilitates this.
Bounding the remaining part of the primary bad term requires help from the terms of (4.39), (4.40), and (4.41). This is the reason for including 1 ϕ−inf ϕ+1 in (1.5). The first term of (4.36) is another bad term. It is defeated by the term of (4.41). This is the purpose of the F 2 term in (1.5).
C 2 estimate
Now we prove (1.4) .
We work at a maximum point (x 0 , t 0 ) ∈ X × [0, T ] of G. Furthermore we work in a special coordinate system, shown to exist in [16] , satisfying the following properties at the point (x 0 , t 0 ): χk j = δk j , ∂ j χk k = 0, gk j is diagonal. (5.43)
The first term of (5.43) may be estimated as follows, by a classic technique using the Cauchy-Schwarz inequality twice: Now we examine the helpful term of (4.34) and the terms of (4.35).
−χ pq g jk g rs ∇ p gk r ∇qgs j = −χ pq g jk g rs ∂ p gk r ∂qgs j + 2Re χ pq χ ℓm g rs ∂ p gm r ∂qχs ℓ − χ pq g rs χ jm gm ℓ χ ℓk ∂ p χk r ∂qχs j ≤ −χ pq g jk g rs ∂ p gk r ∂qgs j + 2Re χ pq χ ℓm g rs ∂ p gm r ∂qχs ℓ (5.46) −g jk ∂k(uq r χ pq T r pj ) − g jk ∂ p (us j χ pq T s qk ) = −2Re χ pq χ rs g jk ∂ p gs j ∂qχk r + 2Re χ pq χ rs g jk ∂ p gs j ∂kχq r + 2Re χ pq χ rs g jk ∂ p χs j ∂qχk r − 2Re χ pq χ rs g jk ∂ p χs j ∂kχq r − g jk (gq r − χq r )∂k(χ pq T r pj ) − g jk (gs j − χs j )∂ p (χ pq T s qk ) ≤ −2Re χ pq χ rs g jk ∂ p gs j ∂qχk r + 2Re χ pq χ rs g jk ∂ p gs j ∂kχq r + CTr hTr h −1 + CTr h −1 + C. Observe that (5.46) and (5.47) share a common term. Hence we obtain −χ pq g jk g rs ∇ p gk r ∇qgs j − g jk ∂k(uq r χ pq T r pj ) − g jk ∂ p (us j χ pq T s qk ) (5.48) ≤ −χ pq g jk g rs ∂ p gk r ∂qgs j + 2Re χ pq χ rs g jk ∂ p gs j ∂kχq r + CTr hTr h
The good first term in (5.48) overcomes both the second term of (5.48) as well as the first term of (5.45). Hence, from the terms in the first two lines of (4.33), it remains only to estimate the second term of (5.45).
Recall that we work at a maximum point (x 0 , t 0 ) of G. Since ∂ j G = 0 at this point, we have
Using (5.49 ) and incorporating the factor of F ′ e −f det h/Tr h from outside the brackets in (4.33), we have that the second term of (5.45) may be estimated in the following way, as long as A > 1: then since 3 2 log s ≤ s we have G ≤ G(x 0 , t 0 ) ≤ log Tr h(x 0 , t 0 ) − Aϕ(x 0 , t 0 ) + 1 + 
